DIFFERENTIAL HOPE ALGEBRAS 
ON QUANTUM GROUPS OF TYPE A 

AXEL SCHULER 

Abstract. Let ^ be a Hopf algebra and _r be a bicovariant first order differential calculus 
over A. It is known that there are three possibilities to construct a differential Hopf algebra 
pA _ pf^ I J (;j^at contains F as its first order part. Corresponding to the three choices 
of the ideal J, we distinguish the 'universal' exterior algebra, the 'second antisynimetrizer' 
exterior algebra, and Woronowicz' external algebra, respectively. 

Let r be one of the A^^-dimensional bicovariant first order differential calculi on the quantum 
group GLq{N) or SLq{N), and let q be a transcendental complex number. For Woronowicz' 
external algebra we determine the dimension of the space of left- invariant and of bi- invariant 
fc-forms, respectively. Bi-invariant forms are closed and represent different dc Rham coho- 
mology classes. The algebra of bi-invariant forms is graded anti-commutativc. 
For > 3 the three differential Hopf algebras coincide. However, in case of the 4I?±-calculi 
on SLq{2) the universal differential Hopf algebra is strictly larger than Woronowicz' external 
algebra. The bi-invariant 1-form is not closed. 



1. Introduction 

Non-commutative differential geometry on quantum groups is a basic tool for further ap- 
plications in both theoretical physics and mathematics. A general framework for bicovariant 



differential calculus on quantum groups has been invented by Woronowicz ||2^. Covariant 
first order differential calculi (abbreviated FODC) were constructed, studied, and classified 
by many authors, see (for instance) P, |2^, ^ |] . Despite the rather extensive literature 
on bicovariant first order differential calculi the corresponding exterior algebras have been 



treated only in few cases, see pT| , |T^ . The de Rham cohomology of the three dimensional 
left-covariant differential calculus on the quantum group SUq{2) was calculated by Woronow- 
icz |25|. The de Rham cohomology of the four dimensional bicovariant differential calculi 
AD± on SUq{2) were calculated by GrieBl [^. Brzezihski |1| pointed out that the exterior 
algebra gF'^ is a differential Hopf algebra. 

The purpose of this paper is to compare three possible constructions of differential Hopf alge- 
bras (exterior algebras) over quantum groups of type A. Let ^ be a Hopf algebra and let F be 
a bicovariant FODC over A. Consider the tensor algebra F'^ over A. Let „ J be the two-sided 
ideal generated by the elements ^(r) t^(?"(i))®.A^(?"(2))5 r E 71, where uj{a) = J2(a) 'S'a(i)da(2) 
and TZ = here fl kercj is the associated right ideal. Let sJ denote the ideal generated by 
ker(/ — a), where a is the braiding of r'^^r'. Finally let y^,J = ^f^y^^ei A^, where A^ 
is the kth antisymmetrizer constructed from the braiding a. Define the exterior algebras 
uF^ = F® / uJ 1 sF^ = F® / sJ 1 and wF^ = F® / and call them universal exterior algebra, 
second antisymmetrizer exterior algebra and Woronowicz' external algebra, respectively. The 
first one is the "largest" one. It can be characterized by the following universal property: 
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Each differential Hopf algebra with a given FODC F as its first order part is a quotient of 



r^, see [ p!l| , Subsect. 14.3.3] or [|1^, Theorem 5.5]. Both the second and the third construc- 



tions use the braiding a. This is a twisted flip automorphism of the bicovariant bimodule 
r^^r. It satisfies the braid equation. The second antisymmetrizer exterior algebra uses the 
antisymmetrizer A2 = I — a only. The definition of Woronowicz' external algebra however 
involves antisymmetrizers of all degrees. 

Now let A be one of the Hopf algebras 0{GLg{N)) or 0{SLg{N)). Let T = Fr,,, t E {+, -}, 
2; G C, z 7^ 0, denote one of the A^^-dimensional bicovariant FODC over A constructed in 
23[ by a method of Jurco. Our standing assumptions are that g is a transcendental complex 



number and N >2. We present three main results. The first two are exclusively concerned 
with Woronowicz' construction while the last one compares the three possible exterior al- 
gebras. The first result is stated in Theorem p. 1| . It says that the dimension of the space 
of left-invariant fc-forms equals ) • In particular, there is a unique up to scalars left in- 
variant form of maximal degree N"^ (this form is even bi-invariant). The second main result 
stated in Theorem p. 2| is concerned with the subalgebra of bi-invariant forms. This algebra 
is graded anti-commutative. The dimension of the space of bi-invariant fc-forms is equal to 
the number of partitions of k into a sum of pairwise different positive odd integers less than 
2A^. Bi-invariant forms are closed and represent different de Rham cohomology classes. The 
third main result is stated in Theorem |3.3| . The differential Hopf algebras and 
are isomorphic. Suppose the parameter z be regular (only finitely many values of z are ex- 
cluded). Then and are isomorphic differential Hopf algebras. For A = 0{GLq{2)) 
or ^ = 0{SLq{2)), r = r^^z, and z^ = however, the universal differential calculus uJ'^ 
is strictly larger than s-T'^. The bi-invariant 1-form 6 G ^-^^ is not closed and 6"^ is central. 
The paper is organised as follows. In Section ^ we recall preliminary facts about bicovariant 
bimodules, bicovariant first order and higher order differential calculus over Hopf algebras; 
we also recall the construction of bicovariant FODC on GLq{N) and SLq{N). In Section^ 
we formulate the main results. Section^ is devoted to the Iwahori-Hecke algebra Hk{q). 
Our first two main results are obtained by studying the 'abstract' a- algebra. In case of 
quantum groups of type A the braiding a can be identified with T~^^T, where T is a single 
generator of Hk{q). In this way Woronowicz' antisymmetrizer can be viewed as an element 
of Hk{q)®Hk{q)- The basic result, given in Proposition |4.5| , describes the decomposition of 
the 'abstract' antisymmetrizer as a linear combination of mutually orthogonal idempotents 
tta. In Section]^ we recall facts from the theory of corepresentations of ^ = 0{GLq{N)) 
and A = 0{SLg{N)). We essentially make use of our assumption that q is transcenden- 
tal. Firstly, A is then cosemisimple and the tensor product of corepresentations decomposes 
into irreducible ones. Secondly, this decomposition is as in the classical case. By Brauer- 
Schur-Weyl duahty idempotents of Hk{q) correspond to subcorepresentations of u^'' where 
u denotes the fundamental matrix corepresentation of A. The basic result is Proposition |5.6| . 
It says that tta induces a corepresentation of A that is isomorphic to the tensor product 
of two single irreducible ones. The connection between the 'abstract' antisymmetrizer and 
Woronowicz' antisymmetrizer is recovered in Proposition p. 7| ; Theorem |3.1| and Theorem |3.2| 
are proved here. The proof of Theorem p. 3| is given in Section]^. The first part of the proof 
uses facts about dual quadratic algebras, see |]16|, and transmutation theory invented by 
Majid, see The second and third parts of the proof are very technical since we need the 



explicit description of the associated right ideal. 
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2. Preliminaries 

Throughout the paper we work over the ground field C (with one exception in the proof 
of Lemma [5l9| where the field C{q) of rational functions is used). All vector spaces, algebras, 
bialgebras, etc. are meant to be C-vector spaces, unital C-algebras, C-bialgebras etc. The 
linear span of a set {a^: i G K} is denoted by {ui: i G K). In this paper A denotes 
a bialgebra or a Hopf algebra. All modules, comodules, and bimodules are assumed to 
be ^-modules, ^-comodules, and ^-bimodules if nothing else is specified. We denote the 
comultiplication, the counit, and the antipode by A, e, and by S, respectively. We use the 
notions "right comodule" and "corepresentation" of A as synonyms. By fixing a basis in 
the underlying vector space we identify corepresentations and the corresponding matrices. 
Let V (resp. /) be a corepresentation (resp. a representation) of A. As usual (resp. f^) 
denotes the contragredient corepresentation (resp. contragredient representation) of v (resp. 
of /). The space of intertwiners of corepresentations v and w is Mor(f , w). We write Mor(f ) 
for Mot{v,v). By End and ® we always mean End<c and (8)c; respectively. If A is a linear 
mapping, denotes the transpose of A and tiA the trace of A. Lower indices of A always 
refer to the components of a tensor product where A acts ('leg numbering'). The unit 
matrix is denoted by /. We set a = a — e{a) for a & A. We use Sweedler's notation for 
the coproduct A(a) = ^a(i) ® a(2), for left comodules ip{e) = ^e(_i) ® e(o), and for right 
comodules ip{^) = Yl ^(o) ® ^(i). The mapping Adr : A ^ A<^ A, Adr a = a(2) ® 5*0(1)0(3), 
is a right comodule map called the right adjoint coaction of A on itself. 



Bicovariant bimodules and tensor algebra. A bicovariant himodule over A (or Hopf bi- 
module) is a bimodule F together with linear mappings : F ^ A®r and Aj. : F ^ r®A 
such that (-T, A^) is a left comodule, {F, Aj.) is a right comodule, (id®Ai.)A£ = (A^ ® id)Ai., 
/\t{auoh) = A{a)A(,{iu)A{b), and Aj.{aujb) = A{a)A,{uj)A{b) for a, b e A and uj e F. 
An element u; G -T is called left-invariant (resp. right-invariant) if A£{uj) = 1 ® u (resp. 
Ar(a;) = uj ^ 1). The linear space of left-invariant (resp. right-invariant) elements of F is 
denoted by Fe (resp. Fj-). The elements of /] = nil are called bi-invariant. The structure 
of bicovariant bimodules has been completely characterized by Theorems 2.3 and 2.4 in ||26[| . 
We recall the corresponding result: 

Let {F, Ag, Aj.) be a bicovariant bimodule over A and let {uJi : i G K} be a finite linear basis 
of F£. Then there exist matrices v = (fj) and / = (/j) of elements Vj G A and of functionals 
fj on A, i, j & K such that: 

(i) E(a) Sa^i)UJia^2) = Y.n fni(^)^n, a E A, i G K , and A,{uJi) = Y.n^n ® v'i, % G K. 

(ii) V is a corepresentation and / is a representation of A. 

(iii) Er-<(« * /J) = Er(/r * «)^r, hj ^ K. 

We have set a * / = ^ /(a(i))a(2) and f * a = Y^{i)fi^(2))- The set {ui : i G K} is a free 
left module basis of F. Conversely, if {ui : i G K} is a basis of a certain finite dimensional 
vector space Fq and if v and / are matrices satisfying (ii) and (iii) then there exists a unique 
bicovariant bimodule F such that Fi = Fq and (i) holds. In this situation we simply write 

r = {v,f). 

Let F = (f, /), Fi = (fi,/i), and F2 = (^25/2) be bicovariant bimodules. It is easy to 
check that the tensor product of ^-bimodules Fi®j^F2 is also a bicovariant bimodule with 
bimodule structure, left coaction A^, and right coaction A^ defined by a-a®y^(3-b = aa®j^(3b, 
A,{a®j,l3) = X]a(o)®^/3(o) ® a(i)Ai)' ^"^^ Af(a(g)^/3) = E "(-i) A-i) ® "(o)®^Ao)- The 
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corresponding pair of corepresentation and representation is (f i®f2, /i<S>/2)- Similarly, 
p(s,k ^ r(g)^---®^r {k factors), k > 2, and = 0fc>o where r®o = A (by defi- 
nition, A£ = Ar = A on ^), = r, are bicovariant bimodules. Note that becomes a 
right module via p<a = ^ 5*0(1) pa(2), a E A. Moreover {r®)£ is right module algebra. 
The shuffle decomposition. Let Sk be the symmetric group on {l,...,k} and let = 
{i,i + 1) E Sk, i = I, . . . , k — 1, denote the simple transposition that exchanges i and i + 1. 
Each w 1 in Sk can be written in the form w = Si-^ ■ ■ ■ Si^ for some i„ G {1, . . . , — 1}. 
If r is as small as possible call it the length of w, written ^{w), and call any expression of 
w as the product of r elements of {si, . . . , Sk-i} a reduced expression. We use the following 
elementary property: i{wSi) G {^(w) — + 1}, w G iSjt, i = 1, . . . , A; — 1. The ele- 

ments of Cki = {p E Sk'. p{m) < p{n) for 1 < m < n < i and i + l<m<n<k} are 
called shuffle permutations. Each p G Sk admits a unique representation p = P1P2P3 where 
Pi G Cki, and p2 G iSfc (resp. ps G 5^) leaves i + 1, . . . ,k (resp. 1, . . . fixed. Moreover 

i{p) = e{pi) + i{P2) + i{P3). 

Lift into braids. Artin's braid group Bk has generators 61, ... , bk-i and defining relations 

bibi+ibi = bi+ibibi+i, i = l,...,k-2, (1) 

bibj=bjbi, \i-j\>2. (2) 

The map 6j ^— Sj defines a natural projection of Bk onto iS^. For a reduced expression 
U7 = ■ ■ ■ Si^ define b^ = h^ - ■ ■ bi^. By (P and (||), the definition of b^ does not depend on 
the choice of the reduced expression Sj^ ■ ■ ■ Si^. Obviously, b^^ = b^b^ for i{vw) = i{v)+i{w). 
This equation in particular applies to the shuffle decomposition w = P1P2P3 of w: hu, = 
bp^bp^bp.^. Define the antisymmetrizer and shuffle sums in the group algebra <CBk as follows: 

Ak = E..5.(-l)'^"^&- Ak. = E..c..(-1)'^"'^&- (3) 
By the shuffle decomposition we obtain for 1 < i < k, Ai = 1: 

Ak = Aki{Ai0 Ak-i). (4) 

Let Wo denote the longest word in Sk. This permutation maps (1, . . . , /c) into {k, . . . , 1). For 
a reduced expression w = ■ ■ ■ define w = Sn^- ■ ■ Sn:^, where n = k — n. Obviously, 
w does not depend on the choice of the reduced expression. Using SnWo = WoSk-n and 
l{w) = i{w) one checks 

bwbw. = bw^huj and Akb^^ = b^^Ak. (5) 

Now we recall the construction of the external algebra due to Woronowicz [^, Propo- 
sition 3.1]. There exists a unique isomorphism a: F^^F F^^F, of bicovariant bimodules 
called the braiding with a{a^_4^f3) = /3®_4a, a G -G, /? G il. Moreover a fulfils the braid 
equation (|l|), i.e. aia2<Ji = 02^x02 in F®jJP®j^F , where di = a ® id and 02 = id® a. Con- 
sequently, the map 7(&i) = cxj, where CTj = id ® ■ ■ ■ ®cr® ■ ■ ■ id acts in position {i, i + 1) of 
F^'', can be extended to an algebra homomorphism 7: GBk — > End_4(r"^'^). We briefiy write 
o"tu = l{bw), w G Sk. Let Ak = 7(Afc) and Aki = •yi^Aki). Call Ak Woronowicz' antisym- 
metrizer of r®^ By (I), = 0^>2ker Afc is a two-sided ideal and a bicovariant bimodule. 
Hence y^^F^ = F® /y^J is an No-graded algebra and a bicovariant bimodule over A. Since 
F®^ is a free left ^-module we always identify the linear spaces {F®^)i and Fi® ■ ■ ■ ®Fi 
{k factors). Since a is a morphism of left comodules, it maps {F®_^F)£ into itself. The 
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corresponding matrix form is a{9i ® 9j) = Ylmn^ij^^ra ® 9n, i,j G K, with 

f^ij = JniVj )■ (6) 

Recall that an No-graded algebra H = 0„>o-f^'^ is called ¥io-graded super Hopf algebra if 
the product in H ® H is given by (a 0b){c® d) = {—ly^ac ®bd,be H\ c G H\ a, d e H, 
and there are linear mappings A, e, and 5" of degree called coproduct, counit and antipode, 
respectively, such that the usual Hopf algebra axioms are fulfilled. Let r' be a bicovariant 
bimodule over A. The Hopf algebra structure of A uniquely extends to an No-graded super 
Hopf algebra structure on r'® such that for u E F: A{u) = Ai{u) + Ai.(a;), e{u) = 0, 
and S{uj) = — ^ 5'(co'(_i))co'(o)5'(co'(i)), see ||lT], Proposition 13.7]. The antipode is a graded 
anti-homomorphism i. e. 

S{pi^^P2) = i-l)''' Sp2®^Sp^ for p^ e p2 G r«". (7) 



Moreover and are Hopf ideals in F'^, see |TT|, p. 489 before Proposition 13.9 and 
Proposition 13.10], and so is „J, see JTl], Theorem 14.8]. Hence, uF^, sF^, and vvF^ 



are No-graded super Hopf algebras. We write a/5 and F^^ instead of a^^jS and i"'®*^, 
respectively, when dealing with one of these quotients F®/J. Let B be an No-graded 
algebra, B = 0fc>o-Bfc, then the formal power series P{B,t) = ^^^^(dimSfc) t'^, is called 
Poincare series of B. 



Bicovariant Differential Calculus. A first order differential calculus over A abbreviated 
FODC is an ^-bimodule F with a linear mapping d: A —>■ F that satisfies the Leibniz rule 
d{ab) = da-b + a-db for a, b & A, and F is the linear span of elements adb with a,b E A. 
A differential graded algebra over A is an No-graded algebra F^ = 0„>o F^, F'^ = A, with a 
linear mapping d: F^ F^ of degree 1 such that d^ = 0, and d satisfies the graded Leibniz 
rule d(pip2) = dpi -Pa + (-l)>rdp2, pi G T", p2 G F^. If in addition = ^-d^- ■ • d^ {n 
factors), G N, call F^ a differential calculus. A differential calculus F^ is called bicovariant 
if there exist linear mappings : F^ ^ A(^^ F^ and Ar : F^ F^ ® A of degree with 
Ae = Ar = A such that 

(i) {F^, Ai, Ar) is a bicovariant bimodule, and 

(ii) A^(dp) = (id(g)d)A^(p), and Ar(dp) = {d<S> id)Ar(p) for p G F^. 

A differential calculus is called inner if there exists an element p E F^ such that dp„ = 

PPn - (-l)"PnP, pn ^ 

A FODC F is called bicovariant (resp. inner) if the differential calculus ^©-T is bicovariant 
(resp. inner). Let (il, di), i = 1, 2, be differential graded algebras over A. Then (A ® /a, d®) 
becomes a differential graded algebra over A if the product in Fi ® A is defined by {ui © 
'^2)(Pi ® P2) = {-^y^^iPi ® UJ2P2, ^2 e F^, pi G F(, iUi G Fi, P2 G F2, and the differential 
d^ is given by 

df^iuJi (g) UJ2) = ditui ® CJ2 + {-lyuji ® daco-a, c^i G FI, U2 G 

A differential Hopf algebra is both a differential graded algebra with differentiation d and 
an No-graded super Hopf algebra with coproduct A satisfying the condition d^A = Ad. 
Our main objects wF^, sF^, and uF^ are differential Hopf algebras, see [0, Theorem 14.17 
and Theorem 14.18] for details. 
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Associated right ideal, the mappings uo and . According to ||2^, Theorems 1.5 and 1.8] 
there is a one-to-one correspondence between bicovariant first order differential calculi F 
over A and Adf-invariant right ideals IZ in kere given by 7^ = kere fl keru;. A crucial 
role play the two mappings u: A Fi, u{a) = ^ S'a(i)da(2), and : A — > F^ ® F^^ 
y{a) = ® ^{cL{2))- Note that uJ is the ideal in r"® generated by ^(JZ). Both 

uj and ^ intertwine the right adjoint coaction Adr with the right coaction on Fi and 



Fi ® Fi, resp. The mappings u and y are coupled by the Maurer-Cartan equation, see 
Proposition 14. 13] : 

duj{a) = - J2(a) w(a(i))c^(a(2)), a e A. (8) 

Bicovariant Differential Calculus on quantized simple Lie groups. Throughout the 
deformation parameter q is assumed to be a transcendental number, and N > 2. Let A be 
the bialgebra A{R) or one of the Hopf algebras 0{GLq{N)) and 0{SLg{N)) as defined in 
20| , Subsect. 1.3]. Recall that R denotes the complex invertible A^^ x A^^-matrix R^l = R\. 



rs 1 

where R is given in (^. The A^^ generators of A are denoted by m*, i, j = 1, . . . , A^, and we 
call u = (Mj)jj=i,...,Ar the fundamental matrix corepresentation. As an algebra 0{GLq[N)) is 
generated by the elements and an additional central element T satisfying VT = TV = 1, 
where V = J2p(^SN^^'^^^^^'^'^p{i) ' ' ' ^p{n) denotes the quantum determinant. The element 
U = q~'^^u\ is called quantum trace. We abbreviate q = q — q^^ and q = q + q'^. The 
i?-matrix is given by 

Rt = q'-^'dasStr + qh{b - a)6ar6bs, (9) 

a, b, r, s = 1, . . . , N, where h denotes the Heaviside symbol h{x) = 1 for a; > and h{x) = 
for X < 0. The matrix R can be written as -R = gP+ — q^^P^, where P± = q'^^q^^^I ± R) 
are projections. 

We follow the method of |TI]] and |^ to construct bicovariant FODC on quantizations of 
simple Lie groups. For a nonzero complex number x G let £^ = {{C-t)]) be the A^ x A^- 



matrix of linear functionals (^^)!- on ^ = 0{GLq(N)) as defined in in pO| , Sect. 2]. Recall that 



is uniquely determined by (m^T) = x^^{R'^^yj^ and the property that : A ^ Mn{^) 
is a unital algebra homomorphism. For A = 0{SLq{N)) we must assume x^ = q. Define the 
bicovariant bimodules Fr^z, t G {+, — }, where z G is arbitrary in case A = 0{GLq{N)) 
and = in case A = 0{SLq{N)): 

F+^z = 0u,i^ ^iy^"), xy = z-\ F^^z = (u^ ®u,£- ^ip"), xy = z. (10) 

The structure of Fj-^^ can easily be described as follows. There exists a basis {6'* : i, j = 
1, . . . , A^} of {F±^z)e such that the right action and the right coaction are given by 

m,n 

and 
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The element 9 = is the unique up to scalars bi-invariant element. Defining 

da = 9a — a9 (13) 

for a & A, {r± z,d) becomes a bicovariant FODC over A. The braiding a of Fj-^^ can be 
obtained as follows. Inserting v = u'^®u and f = ® ^y''^ i^^o (i) yields 

C^± = -^23-^12^-^34 (-R23)~\ (14) 

where the complex A^^ x A^^-matrices and R are defined as follows: Rf^ = R^^ and 
{R^)rs = {R^^Ysb- The indices 12, 23, and 34 indicate that the corresponding matrices act 
at positions 1,2; 2,3; and 3,4 of the tensor product V'^'^, V = C^. Note that the braiding 
a of /V,2 does not depend on z. Let r+ = q~^q and r_ = —q^'^^^^q. We often write cTt, r,-, 
IV , and FT instead of a±, -R^^, and R^, respectively. Set s = + g""^ + ■ ■ ■ + 
r,- = s + r^, and rir^z = ^i^r ~ s. Corresponding to 7^,2 the parameter value z is called 
regular if nT-,2 7^ 0. For regular z the differentials dw* generate /^^^ as a left ^-module. 
Equivalently, the linear space {uij : i, j = 1, . . . , N) of Maurer-Cartan forms Uij = uj{v}j) is 
A^^-dimensional. The right ideal TZr.z then satisfies 

7^,,2 © {u) : i,j = 1, . . . ,iV) © C = A (15) 



2|, Lemma 1.5] and |2|, Theorem2.1]. For A = 0{SLg{N)), F = r,,^, = q-^\ the 



see 

condition nr,z 7^ is trivially fulfilled since q is transcendental. Transformation formulas 
between 6'*, 9, and Uij = uj{u^j), ^ = "^^q'^^ujl, are given as follows. Using matrix notation 
and leg numbering for the matrices i7 = (ujij), O = (6**), and u, where 0i = 0<^I, O2 = I®0 
and M2 = / © we have 

n = zr^O + {z- 1)91 and i3 = 1X^,^9. (16) 
Inserting a = (wf ) into (PD gives 

9]M = zY^ {R^rLOniRlT. 0<u] = zTr9] + z95,,, 

or in matrix notation 

ei<U2 = zB7e2R\ 9<u = zr^O + z9F (17) 



3. Main results 

Theorem 3.1. Let A be one of the Hopf algebras 0{SLg{N)) or 0{GLq{N)) and let F 
be one of the N"^ -dimensional bicovariant first order differential calculi t G {+, — }, 
z G C^, over A. Suppose q to be transcendental. Let denote Woronowicz' external 
algebra and let y^,F^ denote its subalgebra of left-invariant forms. 
Then the Poincare series of is 

p(^^,^t) = (l + ^)^^ 

i.e. d\m.{yvRt'^) = (^)7 ^ ^ INq. In particular, there exists a unique up to scalars left 
invariant form of maximal degree N"^ . 
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Theorem 3.2. Let A, F , and q he as in Theorem\3. 1 
consisting of all bi-invariant forms. Then 

p^w^i^^) = (l + ^)(l + ^3)...(l + t2iv 



Let wT-l^ denote the subalgebra of 



^ r. 



An 



1) nwi(\t) = [L + t){i + t^) ■■■{! + 1^""-'). 

ii) uJkAuJn = (-1)''" uJn A Uk, for Uk G vk-T;^'' and ujr. 

iii) da; = for ui G m^-Tj^ . 

iv) Different bi-invariant forms represent different de Rham cohomology classes. 



Remark 1. By (i) the dimension dim(^r'j^'^) is equal to the number of partitions of k into a 
sum of pairwise different positive odd integers less than 2N. It is also equal to the number 
of symmetric partitions A of fc, A = A', with Ai < N. The left-invariant form of maximal 
degree N"^ is bi-invariant. 

Theorem 3.3. Let A, F , and q be as in Theorem \3. i| . Let ^-T^ and denote the universal 
differential calculus and the second antisymmetrizer differential calculus over F , respectively. 
Then we have the following isomorphisms of differential Hopf algebras. 

(i) ,F^^^F\ 

(ii) = sF^ for N >3,nrz^0 and for N = 2, t = +, and 
z^q-\-q-\{q' + l){q' + l)-\ 

(iii) sF^ = uF^/lO"^) for N = 2, t = +, and = q ^. Moreover, the universal differential 
calculus uF^ is inner and (P' is central. 



Remark 2. For A = 0{GLq{n\m)) and F = /±,i, (ii) was proved in 
Since the differential calculi F+^z and F^^z are isomorphic for = 
F+^z- In case of the quantum group SLg{2), the parameter z = 
corresponds to the 4D_,_-calculus (resp. 4D_-calculus) , defined in 
The calculus ^F^ is also inner since 6"^ = 0, see Lemma 16. 21 (ii) below 
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2 it suffices to consider 
q'^ (resp. z = —q~^) 



4. Iwahori-Hecke algebra and Antisymmetrizer 

In this subsection we shall give the definition of the Iwahori-Hecke algebra Hk{q) over C 
and we shall list some of their important properties and facts including an explicit formula 
for the central idempotents. Since q is not a root of unity everything goes through in exactly 
the same fashion as in the case of the base field C(g). We take the definition from |P, 
Sects. 7.1 and 7.4]. 

There is a unique structure of an associative unital algebra on the vector space with basis 
{Tw : w G Sk} and Ti = 1 such that for all s G {si, . . . , Sk-i} and w E Sk 

TsT^ = Ts^ if ^{sw)>^{w), (18) 

TsT^ = {q- q-^)T^ + T,^ if ^{sw) < i{w). (19) 

This algebra is called Iwahori-Hecke algebra of type Ajt_i and is denoted by Hk{q). Instead 
of (|T^) one often takes T^T^ = (g — 1)T^ + qTsw The present form is more useful when 
dealing with quantum groups. We briefly write Tj for T^.. The relations (||) with Tj 
instead of bi and 



T^ = qT, + l, i = l,...,k-l, 



(20) 
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are equivalent to (|18]) and ([T9|). 

We shall adopt the notations in |jl3[ for partitions, compositions, characters, and idempo- 
tents. We call A = (Ai, A2, • • • ) ^ partition of A; if Ai + A2 + ■ ■ ■ = and Ai > A2 > ■ ■ ■ > are 
integers. We briefly write X\- k. Sometimes we use the notation A = — 1)™'*=-! ■ ■ ■ 1™^) 

where denotes the number of parts of A equal to i. The conjugate of a partition A is a 
partition A' whose diagram is the transpose of the diagram of A. Hence A^ is the number of 
boxes in the ith column of A, or equivalently A^ = Card{j: Aj > i}. 

Irreducible representations of Hk{q) are labelled by partitions A of k. The dimension of the 
irreducible representation labelled by A is c^a = Here h{\) = Ylxex ^(^) product of 

hook-lengths h{x) = Xi + \'j — i — j + 1, where x = (i, j) is a box of A in position (i, j), see [|^, 
I. 6, Example 2 (a) and I. 7 (7.6)]. The corresponding irreducible character is denoted by x'^- 
A partition of unity is a set of minimal (primitive) idempotents {p\}, X\- k, 1 < i < d\, such 
that p\pii = 5\^5ij. The element z\ = J2itiP\ is the minimal central idempotent associated 
to A. We have 1 = Ylx ^a- For the remainder of this section fix positive integers k and A^. 
An N -composition of A; is a sequence of nonnegative integers c = (ci, . . . , c^r), Cj > 0, such 
that Ci -\- C2 + ■ ■ ■ + cjy = k. It is denoted by c |= k. For any A^-composition c = (ci, . . . , cat) 
of k define where xi, . . . , xn are commuting variables. Let {ei, . . . , cat} be 

a basis of the vector space V = C^. For v = Ci^^Ci^® ■ ■ ■ ®ei^ G V®^ define the content 
c(f), c{v) = (ci, . . . , Cat), where Cj is the number of factors cj in v. Obviously, c(f ) |= k. For 
c \= k define the projection operator of by Ec{v) = 6c^c{v)V for v = Ci^d^Ci^® ■ ■ ■ ®ei^,. 
One easily verifies EcEc' = 6c,c'Ec, c, c' |= k, and / = J2c\=k ^c- 

We introduce two important involutions * and ' of Hk{q). They are defined on generators 
by T* = Ts and = —T~^, respectively. Both mappings can be extended to antihomomor- 
phisms of Hk{q). Note that = T^-i and = (-l)^('")T-i. 

Lemma 4.1. Let \ \- k he a partition of k. Then 2;^ = zy and z\ = zx. 

Proof, (a) The central idempotent Z(^j^) (resp. -2(ifc)) is completely characterized by the prop- 
erty TjZ(fc) = qz(^j^) (resp. TiZ(^ik^ = —q^^z^ik)), i = 1, — 1. Since any involution 



of a central idempotent is again a central idempotent, Tizj^^ = — (z(fc)T.^ )' = —q 
i = 1, . . . , k—1, implies 2;^^^ = -2(1*:). Since the anti-automorphism ' is of order two, z'f^^k-^ = -^(A:)- 
The proof of z^*^) = Z(k) and 2^*^^^ = Z(^ik) is similar. 

(b) Suppose we are given an admissible Young tableau with diagram A = (Ai, . . . , A^). Let 
A' = (A'^, . . . , Ag) be the transposed diagram. In ||^ there is constructed a minimal idem- 
potent px = h^e^hZ^h^e+h^'^ , where e_ = Ax'^ x ■■■ x Ax'^, e+ = Sx^ x ■■• x Sx^- Here 
Aj = and Sj = Z(^j) denote the jth antisymmetrizer and the jth symmetrizer in Hj{q), 
respectively, and we use the natural embeddings Hn^{q) x ■ ■ ■ x Hn^{q) Hk{q) for n \= k. 
The element h± depends on the entries of the Young tableau. By (a), e'_ = Sy^ x ■ ■ ■ x Sx'^ 
and e'_^_ = Ax^ x ■ ■ ■ x Ax^. Since px is a minimal subidempotent of zx, p'x is a minimal 

subidempotent of zy. Since zx = YlitiPx {PxyiPxY ~ ^ijiPx)'^ ^x is a subidempotent of 
Zy- Moreover, z'^^ is non-zero and a minimal central idempotent. Hence, z'^ = zy ■ The proof 
for * is similar. □ 

Next define representations q and Qc of Hk{q) on V®^. The action of the generator T„ on a 
basis element v = e-i^ ® ® ■ ■ ■ ® is given as follows. Let s„ denote the flip operator in 



10 



AXEL SCHULER 



that interchanges the nth and {n + l)st component of the tensor product. Let 

{qv if in = in+i, 

qv + Sn{v) if in < in+i, 
Sniv) if in > in+l- 

The representation is given by QciTn) = SnQ{Tn)sn- Using matrix notation and leg num- 
bering, giTn) = Rnri+v ^he representation associates to a single generator T the matrix 
R = [R'li) = {Rfi)- Both representations g and of Hk{q) commute with Ec since they do 
not change the content of the tensor ® ■ ■ ■ ® Ci^. 

We introduce a trace functional Tr on Hk{q) that takes values in the algebra of polynomials 



C[a;i, . . . , xn]- The following Proposition is due to Ram, see [0, Lemma3.5, Lemma3.7 and 
Theorem 3.8]. 

Proposition 4.2. (i) The mapping Tr : Hk{q) C[a;i, . . . ,X]sf] 

Tr(/i) = ^ tT{E^g{h)) (21) 

defines a trace functional, i. e. TT{hg) = Ti^gh) for all h,g & Hk{q). 

(ii) Let p G Hk{q) be idempotent. Then Tr(p) does not depend on q. In particular 

TY(p1) =SA(xi,...,a;^), (22) 

where X \- k is a partition of k, {p\} is a partition of unity, and sx denotes the Schur 
function, cf [0, 1(3.1), p. 40]. 

(iii) For h e Hk{q) 

Tr(/i) = ^ x^ih)sxixi, . . . , Xat), 

Ahfc (23) 
Tt^Hzx) = x^Ws\{xi, xn)- 



Remark 3. The proof of |[19| , Lemma 3.5] shows that replacing g by gc in (|2T|) does not 
change Tr. 

For the group algebra <CSk we have zx = j^^^^g x^i''^)'^'^- We will show now that 
a similar formula holds for Hk{q). The existence of an associative, symmetric, and non- 
degenerate bihnear form on Hk{q) is essential for the proof of this formula. Let {T^ : w E Sk] 
and {/"" : w G Sk] be dual bases of Hk{q) and its dual vector space, respectively. Let /° 
denote the coordinate functional corresponding to the unit element 1 G Hk{q). 

Lemma 4.3. Let g,h E Hk{q). Then {g,h) = f^{gh) defines a symmetric, associative, and 

{1 , if vw = 1 
(*) 
otherwise. 

Proof. For the right hand side of (*) we use the Kronecker symbol S^^,!- The associativity 
of the pairing follows from the definition. Suppose for a moment that formula (*) is already 
proved. Then (-,■) is symmetric since vw = 1 if and only if wv = 1, and /° is linear. 
The pairing is non-degenerate since {T^ : w E Sk} and {T^-i : w E Sk} are orthogonal 
with respect to (■, ■) bases. We prove (*) by induction on the length of w. By definition 
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(T„, 1) = f^{T^) = and (*) holds for w = 1. Suppose it is true for all v,w' G Sk with 
i{w') < i{w). Let w = sw', i{w) = i{w') + 1, and v be arbitrary. 

Case 1. i{vs) = i{v) + 1. By ([T8|) and induction assumption {T^.Tw) = f^iTyTsTyji) = 

Case 2. i{vs) = i{v) — 1. By (pj| ) and induction assumption we have {T^,T^) = 
f^{TyTsTyj>) = f{{qT^ + %s)Twi) = q{Ty,Tyj>) + {T^s,Tyj>) = q{Ty,T^') + 6^u,,i- We have 
to prove that {T^.T^i) = or equivalently, by induction assumption, vw' ^ 1. Assume 
to the contrary vw' = 1. Then i{v) = i{w'). Since also vssw' = 1, i{vs) = i{sw') = 
l{w') + 1 = div) + 1; that contradicts our assumption of case 2. Hence vw' ^ 1 and the proof 
is complete. □ 

Since there exists an associative, symmetric, and non-degenerate bilinear form on Hk{q), 
Proposition (9.17), p. 204 in applies to our situation. Namely, the central idempotent zx 
is given by 

zx = ltJ2 X\T^)T^^^, (24) 
weSk 

where tx = ^^g^^. X^(Tw)x'^(Tw~i) is nonzero. Moreover 

tx = d^'x\t) with t=^T^T^-i. (25) 

wGSk 

Lemma 4.4. The element t = J2weSk '^wTu,-^ is central in Hk{q). We have t = J2x\-k^xZx- 

Proof. Fix s = Si for some i G {1, . . . , A; — 1} and set L = {w & Sk : i{sw) > i{w)}. Then Sk 
is the disjoint union of L and sL. Abbreviating T^j = T^T^-i, by (|18D we have Tg^ = TgTujTs, 
w e L. Moreover, by (|0D 

wGLUsL wdL weL 



^{TsT^Ts + {qTs + 1)T^ + qT^TsT^Ts) 

^{Tsf^Ts + f^) + qTs ^{Ty, + Tsf^Ts) = t + qT^t. 



Multiplying the preceding equation from the left by T~^ and using T^^ = Tg — q, we get 
tTs = Tgt. Hence, t is central. Applying to the ansatz t = ^^i-^ a^t^/x, using x^i^n) = 
^Xfidx, and (|25|), we obtain ax = tx- □ 

In our studies the algebra Hkiq) = Hk{q) ®Hk{q) plays the important role. The main object 
is the antisymmetrizer in 1-Lk{q). We define it as follows. Let the map a be defined on 
the generators of the braid group by cr(6j) = T^^ ®Ti. Since the elements of {cr(6j)} satisfy 
the braid equation (|1|) and (0), cr uniquely extends to a homomorphism of the group algebra 
C;Bfc to Hkiq)- One easily checks that cTw '■= cr{hyj) = {—lY^'^^T^' T^, w G Sk- Let 
denote the image of the braid group antisymmetrizer (^: 

ak = cT{Ak)= Y,TL®T:. (26) 
Similarly, define a^j = a{Aki) for all i < k. The basic result of this section is 
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Proposition 4.5. The spectral decomposition of the antisymmetrizer ak G Hkiq) is 

afc = 5^tAvrA, (27) 

Ahfc 

where 

VTA = tA"^afe(4 ® ^a) (28) 

are mutually orthogonal idempotents in T-Ck{q). Moreover 

(Tr(g)Tr)7rA = syixi, . . .,Xn)sx{xi, . . .,Xn)- (29) 

Proof. The following formula is essential for the proof of tt^ = tta: 

ak{l (S) h) = ak{h' (g) 1) (30) 

for /i G Hk{q). We prove ( PU] ) in three steps, (a) = 2 and h = T = Ti. By (|2^) and 
= 1 — qT~^ we have 

a2(l ® T) = (1 ® 1 - T-^ ® T)(l ® T) = 1 ® T - T"^ ® (gT + 1) 

= (1 - gT-i) ® T - ® 1 = {-T-^ ® T + 1 ® 1)(-T-^ ® 1) = a2(T' ® 1). 

(b) Now let A; > 2. By (|), = afc_i+i(ai+i(g)afc_i_i) = afc^i+i(ai+i_i_i(ai_i(g)a2)(8)afe_i_i) = 
?/(aj_i ® a2 ® afc_j_i) with ?/ = cifc^j_|_i(aj+i j_i ® 1); aj+i acts in the first i + 1 positions. 
Using (a) we have 

afc(l (g) Ti) = y{ai_i (g) a2 (S) ak-i-i){l ® Ti) = y{ai_i (g) 02(1 ® T) (g) ak-i-i) 
= y{a,^i (g a2{T' (g 1) (g a^^i^i) = 0^(7^' (g 1). 

(c) Suppose (|30|) is fulfilled for h and g in Hk{q). Then it is valid for /i(yf as well because 
afc(l ® /i^) = afe(l ® /i)(l ® c/) = ak{h' (g 1)(1 ® ^) = afc(/i' ® g) = ak{l ® c/)(/i' ® 1) = 
ak{g'h' ®\) = ak{{hg)' ® 1). Since % generate Hk{q), the proof of (|30D is complete. 

We show that ^^(-Za ® -^a) is essentially idempotent. Noting that 1 2;a is central in Hkiq), 
using (|30|) several times, 2;^ = za, (il), and Lemma|4^, it follows that 

(afc(4 ® -2a))^ = 0-^(1 ® -2A)afc(l ® ^a) = al{l (g zx) 

= afc(l (g) tzA) = iAafe(l ® Zx) = txttkiz'^ (g) za)- 

Hence, tta is idempotent. Using (^) again and ZA-^^i = for A 7^ /x, we have 

vtavt^ = tA^^/I^«fc(l ® zx)ak{l (g z^) = tlh^^alil (g zxz^,) = 0, 

proving that tta and are orthogonal. Since 1 = J2x -^Aj J2x ^k{z'x <g> Zx) = J2x ^k{^ ® -^a) = 
Ofc, and ( |27D is proved. 

To the last assertion. We briefly write x for the set of commuting variables Xi, . . . ,xn. 
Changing the role of w and in (P^, applying then involution ', and using Lemma P] , we 
have zx' = ^ T^wes^ X^{Ty,-i)T'^. Applying dividing by x^'(^a') = dy = dx, muhiplying 
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by sx{x)sx'{x), and finally using ( pSf ) and (|28|), we obtain 

sx{x)sx'{x) = i^E«,e5fe X^iT^'^)x^' {T^)sx{x)sx'ix) 
= T;J2y,es, TriT^^iZx) Tr (T'^zx') 
= (Tr ® Tr) (i- ^.^5. ® T^-i ) (4 ® ^a)) 
= (Tr ® Tr)(^afcz; ® zx) = (Tr ® Tr)7rA. 



□ 



Remark 4. The explicit formula for tx is = k\q'^^^^ ^h(x) ' "^here Hq{X) = q ^ Ylxexil^^ 
g-'^W) and c(A) = E(,,)eA(j - see [§ (1.6)]. 



X) 



5. COREPRESENTATIONS OF 0{GLg{N)) AND (^(^^^(A^)) 

In this section we recall notions and facts from the theory of corepresentations of Hopf 
algebras. All corepresentations are assumed to be finite dimensional. For a Hopf algebra A 
the following statements are equivalent |n, Theorem 11.3, p. 403]: (i) Every corepresentation 



of ^ is a direct sum of irreducible corepresentations, (ii) A is the linear span of all matrix 
elements of all irreducible corepresentations. In this case we call A cosemisimple. The 
character of a matrix corepresentation v = (f j)ij=i,...,d of A is the element Xv = Yli=i'Vi 
in A. In case of the zero corepresentation, v = Xv = 0- For A cosemisimple two finite 



dimensional corepresentations are equivalent if and only if their characters coincide, see [p 
Corollary 11.18, p. 407]. 

Two idempotents pi and p2 of an algebra A are called equivalent if there are elements a, b ^ A 
with ab = pi and ba = p2. Obviously, two idempotents pi and p2, pi 7^ or p2 7^ 0, are not 
equivalent, if Pixp2 = for all a; G A. 

Lemma 5.1. Let A be a cosemisimple Hopf algebra and v = (vj) be a matrix corepresenta- 
tion of A on the vector space V. 

(i) Suppose P G Mor(f ) is idempotent. Then the restriction of v to the image of P defines 
a subcorepresentation v{P) of v with character Xv{P) = 'Yliij^i 



in J 



(ii) Let P and Q be idempotents in Mor(f). Then the corresponding subcorepresentations 
v{P) and v{Q) are equivalent if and only if P and Q are equivalent. 

(iii) Let Pi G Mor(t>), i = 0, . . . ,m, Pq 7^ 0, be equivalent idempotents and let P = Yli^iPij 
ai G C, be idempotent. Then there exist non-negative integers r and s, s ^ 0, with 
Ej ttj = s^^r. Moreover, we have the following equivalence of subcorepresentations of v: 
s ■ v{P) ^ r ■ v{Pq). 

Proof. Throughout the proof we sum over repeated indices, (i) We determine the matrix 
coefficients oi w = v{P). Let {cj} and {/j} be bases of V and l^=imP, resp. Define 
linear mappings A: W ^ V, Aw = w, and B: V ^ W, Bv = Pv. Obviously, P = AB 
and BA = idw- The matrix elements of A and B corresponding to the chosen bases are 
determined by fj = B{ei) = J^^ffK, resp. Let (p denote the associated to v 

right comodule mapping , (p{ei) = J2^j® ^i- Since A = PA, P G Mor(t>), and P = AB we 
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obtain 



Hence, W = imP defines a subcorepresentation with matrix elements w = BvA. Therefore, 
X. = E BfviA\, = T.{AB)]vi = E pH- 

(ii) Suppose P Q are equivalent idempotents, i. e. P = AB and Q = BA for some 
A, B & Mor(t'). By (i) the characters of the subcorepresentations v{P) and v{Q) are Xv{P) = 
^ki^'i'^k ^^'^ Xv(Q) = E Qz^^L resp. Inserting P = AB, Q = BA, and using B G Mor(t>) 

gives Xv{P) = Y.^x^i'^k = E^x'^f-^l = J2Qx'^i = Xi;((9)- Since ^ is cosemisimple, v{P) = 
v{Q). Suppose now that v{P) = v{Q) are equivalent corepresentations, i.e. there is a 
bijective map J, J E Mor(t>(P), t>((5)). Let Wi and W2 denote the images of P and Q, resp. 
Moreover, let Ai, Bi and A2, B2 be the corresponding mappings from the proof of (i) for P 
and Q, resp. Since J G Mor(t>(P), J(-Bit'Ai) = {B2vA2)J. Applying the counit e and 

choosing A = AiJ~^B2 and B = A2JB1 one gets AB = P and = Q. Hence, P Q. 

(iii) By (i) and (ii): 

X^{P) = E Pt^k = E Oii{Pi)fvi = E aiX^;(PO = (E* ai)xviPo)- (31) 

Since ^ is cosemisimple there exist integers / and Sj, Sj > 1, j = 1, . . . and irreducible 
corepresentations ipj 0, j = 1, . . . , I, such that v{Pq) = Ej ^jfj- Set Vj = Sj Ej ctj? J = 
1, . . . , /. From (|3T|) it follows Xf{P) = Ej ^jX^pj- Since ^ is cosemisimple and since irreducible 
characters are linearly independent, Vj are non- negative integers and v{P) = Ej '"jV'i- Hence 
Ej «i = s^^^i is rational and Siv{P) = riv{Po). □ 

Now let A be one of the Hopf algebras 0{GLg{N)) or 0{SLq{N)). Since g is transcendental, 
A is cosemisimple, see ||11], Theorem 11.22, p. 410]. Throughout let ip and denote the 
corepresentations m®'^ and {u'^)^'^, respectively. By ( |38| ) below it is obvious that g{Hk{q)) C 
Mor((y9) and gc{Hk{q)) C Moy{i/j). Let p G Hk[q) be idempotent, P = f?(p), and P"^ = 
Qc{p)- Since, P G Mor((y9) (resp. P^ G Mor('?/')) and by Lemma |0| (i), the restriction of the 
corepresentation ip (resp. of ip) to the image of P (resp. of P^) defines a subcorepresentation 
V9(P) (resp. ip^P^)), perhaps 0. In particular, let p\ and p^^ be minimal subidempotents of 
zx. Since z\Hk{q) is a simple ideal, pa ~ Vx are equivalent idempotents. Thus Q{p\) ~ ^'(Pa) 
(resp. QciPx) ~ f?c(pA)) equivalent idempotents too. Hence by LemmalOl (ii), ip{g{p\)) = 
ip{g(j)^)) (resp. i'iQciPx)) — i^iQciPx))) are equivalent corepresentations. Let ip\ (resp. ipx) 
denote this equivalence class. We determine the dimensions of (px and ipx- Let Tri denote 
the evaluation of Tr at Xi = ■ ■ ■ = xa? = 1, see (Pl). By Remark || and by Ec^fc Ec = I we 
have 

Tri = tr = tr o^c- (32) 
By (p2D, rank(f)(p5v)) = i'ank(f)c(PA)) = Tri(p5^) = sa(1, . . . , 1). The explicit value is 

5A(iV):=dim(^A = dimV'A = SA(l,...,l) = /i(A)-^ J](iV + j-«), (33) 



see []T3|, 1.3 Example 4, p. 45]. 
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Lemma 5.2. Let A be one of the Hopf algebras 0{GLq{N)) or 0{SLq{N)) . Assume p G 
Hk{q) be idempotent, P* = g{p*), and P'^ = Qc{p)- Then the following corepresentations are 
equivalent 

ip{P*y ^iIj{P'). (34) 

Proof. We first prove 

g.{h)l = q{T^XT-% (35) 

for h G Hk{q), % = . . . ,4), J = (ji, . . . ,3k), = (ik, ■ • • ,^i), and j = {jk, ■ ■ ■ , ji). First 
let h = Tn he a single generator. By (|^), bnbw„ = b^^bk-n- Applying the representation 
bn ^ Tn to this equation and recalling T* = Tn, we have 

n(l^ T^*T^ — INJ n(T^ V pJfc-n Jfc-n + l p*fc-n + li*fc-n / rp \ t . 

that proves (|35| ) for h = Tn. Suppose now (|35|) is valid for g,h & Hk{q). By representation 
property of g and and antimultiplicativity of *, we finally conclude 

Qc{9h)l = Y.M9)lQc{h)l = EATn..9*T-y,g{T^^h*T~^% = g{T^S9hrT~% 

Since {T„} generate Hk{q), (|35D is proved. We sum over repeated multi- indices. By 
Lemma prTl(i), (^), and S{xv) = Xv'= we have 



u 



= E f^(^^o)i (^*)l^(T-:)i5(tzi) = s{z g{T^.y, {nUT^lY-ut) 

''J J '' 

Since A is cosemisimple (.p{P*Y and ip{P^) are equivalent corepresentations. □ 
Corollary 5.3. <^l = 

Proof. Let pa be a minimal subidempotent of 2;a. Since z\ = z*y^, p\ p\. Hence <.p\ = 



We recall the Brauer-Schur-Weyl duality for quantum groups of type A, cf. [0] or |Tl|, The- 
orem 8.38, Proposition 11.20, and Proposition 11.21]. 

Proposition 5.4. Let A be one of the Hopf algebras 0{GLq{N)) or 0{SLq{N)). Let q be 
a transcendental complex number, A; G N, and \ \- k. 

(i) The representation g: Hk{q) Mor(M®'^) is surjective. The subcorepresentation ip\ of ip 
is irreducible. 

(ii) ker g = ^ z\Hk{q). The subcorepresentation Lp\ is zero if and only if X[ > N. 

X\-k,X[>N 

Corollary 5.5. Let A and q be as above, and let X, fi\- k be partitions of k. Then ip\ = ip^ 
if and only if X = ^ or both X'l > N and ^[ > N. 

Proof. <— is trivial. — Suppose A'^^ < N or fi[ < N and X ^ ji. Let p\ and denote 
minimal idempotents corresponding to A and yU, respectively, and Pa = g{px), Pfi = g{p^j)- 
Since Pa 7^ or ^ by Proposition|5]|(ii) and since PaATP^ = 0, X G Mor(u®'=), Pa and 
P^ are inequivalent. By Lemma [STll (ii), v^a and y?^ are inequivalent too. □ 



16 AXEL SCHULER 

Corresponding to F = F^-^z consider the representation of 'Hk{q) on _ q^^q 

and Q- = {gc^g)a, where a : Hkiq) 'Hkiq) denotes the automorphism a{h ® g) = g ® 
g,h & Hk{q). The next Proposition settles the problem of determining the rank of the 
antisymmetrizer = p,-(afc). The basic result is 

Proposition 5.6. The idempotent ilj = Qri'^x) defines a subcorepresentation (pin^) of 
(f) = (u^)»^ ® u®'^ with 

(P{n+) = ^x' ® V>x and 0(77") = ® ¥^A'. (36) 

Proof, (a) We first calculate the rank of i7J in V^"^^, i.e. the dimension of the corepresenta- 
tion (f){ni). Let vr G Hkiq) be idempotent. By (|3^) , rankf)^(7r) = (Tri ® Tri)7r. In particular 
for TT = tta by (|2^) and (|33D we have 

Te^nkni = 6y{N)6x{N). (37) 

(b) Let {p^x '■ ^'i ~ ^y--,dx} be a linear basis of zxHk{q) consisting of mutually equiva- 
lent idempotents. Then {(p^)'- hj = ^,---,dx} is a basis of zyHk^q). By (p^), tta is a 
subidempotent of za' ® zx- Hence there are complex numbers a^smn^ i^,s,m,n = 1, . . . , dx, 
such that Tlx = Ci^smniPx'y ® Pa""- Moreover, the idempotents (pa*)' ®Pa*" are mutually 
equivalent in Hkiq). Applying g+ (resp. g_) gives il;^ = E Q;~£'c((pr)') ® ^'(Pa'') (^esp. 

= E«™f?c(pr) ® f?((Pr)'))- One verifies that v = <j), P = n+ (resp. P = 77"), 
and Pj = ^c((pr)') ® q{Px"') (resp. Pj = gdPx"') ® qHPx)')) satisfy the assumptions 
of Lemmapni(iii). Hence, 0(i7^) = a'^V'A' ® </^a, (resp. (p{n^) = a^tpx® y^y), where 
= E'^rsmn rational. In particular, by (|33|) , dim0(i7J) = 6x'{N)6x{N). Comparing 
this with ( pTl) gives a'^ = 1; the proof is complete. □ 

The main step to simplify the study of the algebras wF^" and is the reduction of 

the antisymmetrizer Ak of F^^ to the antisymmetrizer of griTi-kiq))- We provide an 
isomorphism of the right ^-comodules (m'^)®'^®'U®'^ and A^\F^'^ that maps into Ak- Here 
and in the remainder of the article V always denotes the A^-dimensional complex vector 
space with canonical basis ei, . . . , cat. 

Set s+ = 1 + s + g"^^"^ s_ = s - _ q-2N ^ ^^^^ ^^^^^ ^^le N'^xN'^ -matrices {R^)f, = 
q2s-2a^j^±i^bs^^ recall some well-known properties of the matrices R and R^, see [ p^ . 
Lemma 3.3 and Lemma 3.4]: 

Moi{um) = {R,R~^), Mor(M"(g)M") = (P+,P-), (38) 

Mot{u^(^u, u^u") = (P+, P~), Mor(M(g)M^ m'^Om) = (P+, P"), 

P±PT = P^P± = 1,5^ g'^-'^ (P±);'^(P±)i' = q~\6nrSms + S±q'' d^mSrs) , (39) 
-^23-^12-^23 ~ -^12-^23-^12 5 -^12-^23-^12 = -^23-^12-^23 • (40) 

Proposition 5.7. Lei ^ denote one of the Hopf algebras 0{GLq{N)) or 0{SLq{N)), F = 
r^^^^ (f) = (M<^)»fc®M®^ andk>l. 

(i) There exists an isomorphisms J^*^-* 0/ comodules anc? Ar fP^®'^ such that 

I^'^ak = Akl^'l (41) 
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(ii) There exists an isomorphism I'^^ of right comodules f im and A,f^/X^ 

(iii) There exists an isomorphism of y^F^^^ and the vector space (imafc)'^ of (j) -invariant ele- 
ments ofimak- 

Proof. To simplify notations, throughout the proof we shall write C„ instead of Cn.n+i for 
C G End(V^ ® V) acting in position n and n + 1 of the tensor product V'^'', n < k — 1. 
(i) Let {e^: z= (ii, . . . , i2k)} and {Oi-^i^^^ ■ ■ ■ ^A(^i2k-ii2k} be the canonical bases of V'^'^^ and 
J^®*^, resp. With respect to these bases define the matrix /('^^ = Ir^"^ as follows. Set ll'^^ = I 
and for > 2 let 



'r2--2fc-l 



^2k-2 i^2k~4:^2k~3) 



2i 



■ R-k+i-l) 



RD- 



(42) 



The index (2, . . . , 2k— 1) indicates that Jr^'' effectively acts at positions 2, . . . , 2k— 1 and leaves 
the first and last coordinates unchanged. Since is invertible by 
The following two recursion formulas are easily checked 



rik) 



is invertible. 



T 

jik) 



-lJ^2 ' ' ■ ^k: 



j(k-l) 
-'r4--2fc 

j{k—l) T3T TJT 

-'r2- -2fc-3-'^2fc-2 ' ' ' '^k' 



Using ( pSD and one of the above recursion formulas one shows by induction on k that the 
matrix defines an isomorphism of corepresentations {(a^')®^®u®^ and {u'^®u)®^ . Since 

^r\R\ 



®k 



u'^®u)® by definition of and ([T^), the first part of (i) is proved. Next we 



shall show equation (^T]). Since both antisymmetrizer and are homomorphic images 
of the braid group antisymmetrizer (under Qt ° cr and 7, resp.) it suffices to prove 



It Qr{T^ ^ ® Tn) = {ar)nlT for Ti = 1, . . . , /c — 1. By (|T^ the equivalent matrix notation of 
this identity is 



-'t ''n -""fc+n 



-^2n-^2n-l-^2n+l(-^2n) -^r 



(43) 



We will prove (H) for ^ by induct ion on k. The proof for I^^ is analogous. Since /|^^ = i?2, 
(|43|) is obvious for k = 2 and n = 1. 

Case 1. n = 1. By the second recursion equation, (^0]) , > 3, and induction assumption we 
have 



l+^R-i ^Rk+i — l%^\k-3R2k-2 ■ ■ ■ Rk+2Rk+iRkRi ^R-k+i 

T^k — l) D — 1 D D D D D 

~ -' + 2 ■■■ 2^-3-"^! ^2k-2 ' " " ^k+2-ttk-'^k+l-ttk 

= i%^\k-3Ri ^RkR2k-2 ■ ■ ■ Rk 

6-1 Ak- 

Z? C>~1 C> C>~1 T^^^ 
1X2 -ft ]^ -'''3 -'•'2 • 



Z? Z?^l Z3 Z3~l rC^"!) D D 

rt2-Ki -tt3rt2 -' + 2 - -2fc-3-"^2A;-2 ■ ■ ■ -Kfc 
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Case 2. 2 < n < k — 1. By the first recursion equation, (^OD, k > 3, and induction assumption 
we have 



— ^+4:--^2k-lRk+nRn ' ' ' RnRn+lR-n^ Rn+2 ' ' ' Rk 
= l\-A..^2k-lRn+lRk-l+n+lR'i ' ' ' R-k 

— /t2n-K2„_i-K2„+l-rt2n-' + 4...2fc-l-K2 " " " -Kfc 
= R2nR2n-lR2n+lR'2nI+ ^■ 

The proof of (i) is complete. 

(ii) By (i), I^''^ : V'^'^'' F®^ is a hnear isomorphism. Moreover, the kernels of and are 
bijectively mapped into each other. Consequently, /'•'^^ can be factorised to an isomorphism 
l^^^'^/kerofc — r®^ / 'kei Ak. Since ima^ is also 0-covariant and since ima^ = y®^*^/kerafc, 
jAfc. [Yaak —>■ wR^^ is again an isomorphism of right comodules. 

(iii) Since A is cosemisimple and I'^^ is an isomorphism of right comodules, I'^^ is the direct 
sum of isomorphisms of the isotypical components. In particular, the trivial components 
(corresponding to the trivial corepresentation 1) are bijectively mapped into each other. 
Hence, the restriction of I^^ to the space of invariant elements of ima^ is an isomorphism 

to ^r^^^ □ 

Proofs of Theorem |3.1| and Theorem |3.2| (i) . We first show that the following combi- 
natorial formula holds: 

Y.^AN)h{N) = (^^\ (44) 

where N and k are non-negative integers. Use formula [jl3|, (4.3'), I. 4, p. 65]: J|(l + XiUj) = 
Z^A ^x{^)^\'{y)- We restrict it to the finite set of variables xi, . . . , xn, Vi, ■ ■ ■ ,yN and con- 
sider the natural bi-grading of polynomials in these variables. Comparing the homogeneous 
components of degree (/c, k), inserting xi = ■ ■ ■ = = 1, and using (|33|) gives (PI). By (|37D 
we finally obtain 

dim^rf^^ = ^rankiJJ = ^ 5v(iV)5;,(iV) = f^^\ 

Xhk Xhk ^ ^ 

In particular, the only partition A of A^^ with rankiJJ 7^ is A = {N^). In this case A = A' 
is symmetric. By the above formula, dimn-R^^^ = 1. Hence, there exists a unique up to 
scalars form of maximal degree iV^; the proof of Theorem^]!] is complete. 
To prove Theorem p.2| (i) consider the formal power series p(t) = (l+t)(l+t^)(l+t^) ■ ■ ■ = 1 + 
Cit + C2t'^ + - ■ ■ ■ Then Ck = Card{A : A h A;, A = A'}. In fact, let A h /c, A = A', be a symmetric 
Young diagram. Denote the hook consisting of the first row and first column of A by A^^-* and 
the remaining part of A by A(i). Obviously, A(i) is again a symmetric diagram. Repeating 
the above procedure we step by step get a sequence of symmetric hooks A*^^-*, . . . , A^''^ with 
k = ^^^Ui, Hi = |A^*^|, ni > ■ ■ ■ > Ur, and Ui is odd for each i. Now we associate to A the 
expression t"^ ■ ■ -t"'' appearing in p{t). Conversely, to each summand t^^ ■ ■ - f^^ in p{t) we 
associate a symmetric Young diagram by putting together symmetric hooks of weights rij. 
Similarly, the polynomial s{t) = (1 + t)(l + t^) . . . (1 + t^^-^) = i + at + ■ ■ ■ + CN^t^^ has 
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coefficients = Card{A : A h A;, A = A', A'^ < A^}. 

Since imiJJ = for A'^ > by (|37D and (|33D, it suffices to consider the elements oiVk '■ = 
{A: A h /c, \'i < N}. Then (px is nonzero by Proposition ^]4| (ii). We collect three simple facts 
from the theory of corepresentations: Let W be the vector space where the corepresentation 
w acts. Then the vector space of under w invariant elements is isomorphic to Mor(l, w). 
Further, Mor(l, v ®w) = Mor(f w)^ and v = v^^ (since A is cosemisimple). 
By Proposition|5.7|(iii), (p^), and Corollary p. 3| we have for F = F^^^ 

dimi^Ff''') = J2 dim(im77+)<^ = ^ dim Mor(l, 0(77+)) 

= ^ dimMor(l, ^/'A' ifx) = dimMor(?/'^,, V^a) 
Ae-Pfc xePk 

= ^ dimMor((/?^?,v9A) = ^ dimMor(v9A', v?a) 
AG-Pfc \eVk 

= Card{A : XeVk,^x = ^y} = Card{A : A G Pfc, A = A'}. 



The last two steps are by Schur's Lemma and by Corollary ^.5| . This is exactly the coefficient 
Ck of the polynomial s{t). The proof for the calculi F = F^^z is analogous; this finishes the 
proof of Theorem p.2| (i). 



Proofs of Theorem |3.2| (ii)— (iv). We begin with a rather general relation between the 



antipode of {F®)i and the action of the longest word on bi-invariant elements. Then we 
determine this action for F = 7^,2. Let {6i} and {rji} be bases of the linear spaces Fi and 
Ft-, respectively, which are related via 9i = J^jVj'^i Vi = J2j ^j^i'^i)^ see (2.38)] 

Proposition 5.8. Let A be a Hopf algebra and let F be a bicovariant bimodule over A with 
braiding a. Let S be the antipode of the fi^- graded super Hopf algebra -T® and let p G Ff"^ 
be bi-invariant. Then 

^(p) = (-l)^'=(^+i)a^„(p). (45) 
This equation is also valid for p G wT-^'^ ■ 

Proof. Throughout the proof we sum over repeated indices. (a) Since S{9) = 
-E(e)'5(^{-i))^{o)5(^{i)) and A,{9,) = 9j ® vl S{9,) = -r,,. Using (0) we get S{9,) = 

(— 1) 2'=('^+i)r/Y- Here i = (4, • • • , "^i) denotes the reversed index sequence of {ii, . . . , 4), 
dt = 6**1®^ • ■ ■ 'S)A9i^, and r]y = rij^®_^ ■ ■ ■ 'S)AVji- 
(b) We use induction over k, k > 2, to show 

Vyv(=^^M)- (46) 



By = 0i<a = fn{a)9n, and (D, we have ilj^^ATlhK^T^ = Vj2®A0hvl^ = 

Vj2'^t? ry{'^i2)®A()y = (^i^ii^x^AOy = 0" (6'ii (g)^6'i2 ) ; tffis provcs (^) in case k = 2. Suppose now 



holds for k. We prove it for k + 1. Let w'^ be the longest word in Sk+i, w'^ = S1S2 ■ ■ ■ SkWo- 
Since i{w'^) = k+i{wo) we can lift this equation to braids; afterwards we can apply 7. Hence, 
(^w'a = 0"! ■ ■ • o"fccr«)o • Making repeatedly use of " = cr^j'v^9y gives 

0fvl = (ai • • ■ ak)}M9^. (47) 
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Using induction assumption, (|47|), and the above formula for a^/, one has 
Vj^AVyvl vl = rij )l ®^ Oj-v^ = rij {a^^ )l{ai ■ ■ ■ fffc) < 0a Oh 

and the proof of ( ^61) is complete. 

(c) Let p = a^9^ G F®'^ , = {oni, . . . , aj^.) G Since p ® 1 = ^ |0(o) ® P(i) by (a) and (b) 
we have 

S{.p)=Y.S (P(o))P(i) = S vl = atS{ej)vl 

(d) Since ^(kerAfc) C kerA^ by 1T1|, Prop. 13.10, p. 489] and a^^{ker Ak) C kerA^ by (D, 
the antipode 5* and o-^o are well-defined on the quotient wT^''. □ 

Lemma 5.9. Let X \- k, X = X' , be a symmetric partition of k and let tt G 'Hk{q) he a 
subidempotent of tt\. Then 

a^^TT = {-lf-°\. (49) 

Proof, (a) We use the Iwahori-Hecke algebra over C(g). First we show that T^^zx = zx, 
X \- k, X = X' . By (|), T^^ is central. Hence there exist coefficients ax G C(g) with T^^ = 
^;^aA-2A- Since T^^ is invertible, = XIa'^a^-^a- By Lemma^TT], and A = A' we obtain, 
Q!a2;a = ("a^a)' = (T^oZxY = ZxT'^ = a'^^Zx- Hence, al = 1. Let ax{q) = h{q)-^g{q) with 
polynomials g and h. Since ax{q) takes only two values 1 and —1, at least one of them, say c, 
appears infinitely often: ax{qi) = c, i = 1, 2, . . . . Then the polynomial /(g) = g{q) — c ■ h{q), 
has infinitely many zeros. Hence / = and ax{q) = c is constant. Specialization at g = 1 
yields T^Jg=i = 1. Hence, ax = 1. 
(b) By definition of tta, (H), Wo = w~^, (pOD, and (a): 



t^V^„afc(l zx)7r = t^'aki{-lY^'"°^T*[ T^J(1 ® zx)7r 
t-\-lY^^°^ak{l ® Tlzx)n = t'^-lY^^^^ a,{l ® ^A)7r 
(_l)^{-o)^^^ = (-l)^('"°)7r. 



□ 



Corollary 5.10. For p G 

^-o(p) = (-l)^'^'~'V and ^(p) = (-l)V (50) 

Proof. Since v^-Ti^'^ and 0;^gp^ Mor(l, 0(i7J)) are isomorphic linear spaces (by the proof 
of Theorem ^.2| (i)), bi- invariant fc-forms p are in one-to-one correspondence with rank 1 
subidempotents vr of X^Ae-Pfe ^x- Since i{wo) = \k{k — 1) the first part follows from 
Lemma pl9[ Combining this with Proposition ^]8| gives S{p) = (— l)'^p. □ 



Now we are ready to complete the proof of Theorem |3.2| (ii), (iii), and (iv). Using (|50D and 
(0) we obtain for pi G ^F^"^ and pa G v^/^i^" 

Pi A p2 = (-l)'=+"S(pi A p2) =(-l)'=+"+'="S(p2) A 5(pi) 

= (_i)fe+"+fe«+fc+«p2 A pi = (-l)'="p2 A pi. 
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Let p G wT-^^^ . Since the differential d commutes with the antipode, increases the degree of 
a form by 1, and maps bi-invariant forms into bi-invariant forms, again by (|50D we have 

dp = d{{-if s{p)) = i-irsidp) = i-in-i)'^'dp = -dp. 

Hence, dp = 0. Since d is hnear, each bi-invariant form is closed. 

Suppose pi,p2 € wTi^^ represent the same de Rham cohomology class. Then there exists 
p G yi,rf'''~^ with pi — p2 = dp. Since d intertwines the right coaction Ar on — 1 and k 
forms, the pre-image W = d~^(dp) is a invariant subspace of wT^^'^. Since Ar|"(dp) 
is the trivial comodule, by Schur's Lemma, ArfVT is a multiple of the trivial comodule. 
Consequently, W C ^r^^~^ and dp = 0. Hence, pi = p2. The proof of Theorem |3^ is 
complete. 



6. Proof of Theorem 3.3 



Recall that a quadratic algebra., see |T^, Sect. 3], is an No-graded algebra B = 0j>o -Bj with 
Bq = C, Bi generates B, and the ideal of relations among the elements of Bi is generated 
by a subspace Rel(i?) C Bi ^ Bi. It is convenient to write B = {Bi,Re\{B)}. The dual 
quadratic algebra to i? = {Bi,Re\{B)} is B- = {Bl,Re\{B)^}. Here B^ denotes the dual 
vector space to Bi and Rel(5)^ = {t e BI ® BI : t{r) = 0, r G Rel{B)}. 

Proposition 6.1. Let A be one of the Hopf algebras 0{GLg{N)) or 0{SLci{N)) and let 
r = r_T-^z- Then is a quadratic algebra. It is dual to the algebra 

B{B7) := C(L} : ^, J = 1, . . . , N)/{L2B7L2W - WL2FCL2). 

Remark 5. The Proposition is also valid for bicovariant FODC on quantum groups of types 
B, C, and D, when the corresponding /2-matrices are used. The algebra B{R) is called 
reflection equation algebra or algebra of braided matrices. 

Proof. We carry out the proof for F = F^^z- The proof for F^^^ is analogous. Throughout the 
proof we sum over repeated indices. By definition, gFf" = {i~^,ker(/ — cr_|_)} is a quadratic 
algebra. Using a simple argument from linear algebra, (s-T/^)' = {F^,im{I — cr+Y}. Let 
{Yij : i,j = 1, . . . , A^} be a basis of F^ dual to the basis {6** : i,j = 1, . . . , N} of Fi. We 
identify the tensor algebra over Fi and F^ with the free associative unital complex algebra 
C(^*) and (C{Yij), respectively. Now we compute the relation subspace im(/ — cr* ) of (s-^/^)'- 

By (ig, (§yp and Rf^ = R^ we obtain 

Yijkl '■= {I — +Yijkl^pr^ce 

— YijY/^i — R?^y(^R )pyRwei^ )rc ^pr^ce 

— V- V — f?^^ ( f}~^'\'"p f^y^ ( fi~Y^v V 

= Y,,Y,i - Rl'^{R-XyprYceR';fq-''"^''{R-X^^^ 
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We choose new variables = q^'^Yab, multiply the above equation by ^)^^, and 

sum over k and j (no summation over a, 6, z, /): 

V ^2l+2k ( h-l\aj _ 2j+2k{ fj-l\aj ri rk ^21 hyk f f)-l\aj 2k-2x ^2x { fy-l\xi 



Si 

jyl'f JD-l\a-j „2k-2x 



NX r p r c-2e j\we—2w+2r { f}-l\vr 



Since Sax^hy = -R^j (-R )bk1 summation over x) by we obtain in matrix notation 

L2 = / (g) L 

Multiplying the above equation by q^^"'^'^^{R^^)mn summing over b,l (no summation 
over a, 1,171,71) gives 

T ■— V ,,2l+2k+2b-2a/ f)-l\aj { r)-l\bl _ / r p-1 r p-1 p-l r p-l r 

J^aimn ■— l ijkiq l-tt jfcfcl^-rt j„„ — (^-L2-K iv2-K — -K -t^2-K -^2jmn- 

Since Yijki = L^iy^q'^^'^" Rl^ Rfj (no summation over /), {L^ki : i, j, k,l = 1, . . . , N) = {Yijki : 
i,j,k,l = 1, . . . ,N); the proof is complete. □ 

It was shown by Majid Theorem 7.4.1 and Theorem 10.3.1] that the vector space A{R) 
admits another product such that A{R) becomes isomorphic to the associative unital al- 
gebra B^R'^). Note that changing the role of R and R~^ does not effect the definition of 
A{R). Hence A{R), B{R^), and B{R^) are isomorphic as graded linear spaces. It is well 
known that A{R) obeys a linear basis {{u\f^^{u\f^^ ■ ■ ■ {u^f^^ : ku, ku, • • • , kNN e Nq}, 
see []T7| , Theorems. 5.1]. Hence B{R'^) has a Poincare-Birkhoff-Witt basis too. By |18, The- 
orems. 3], B{R'^) is Koszul. By [|^, Proposition 7, Sect. 9] and by Proposition |6.1| we have 
P{srt,t)P{B{R^), -t) = 1. Hence P{sr^,t) = (1 + Note that ,J C by (1). Since 
P{sr^,t) = P^wPt^i) by Theorem |3.1|, the ideals gJ and wJ coincide; the proof of Theo- 
rem |3.3| (i) is complete. 

Now we want to compare the universal exterior algebra with the second antisymmetrizer 
exterior algebra. It turns out that the bi-invariant 2-form 9"^ is useful to decide whether 
or not these two differential Hopf algebras coincide. We often need the following formula. 
Applying ^{S ® id) A^, /i denotes the multiplication, to equation ([T3|) gives 

e<a = e{a)e + uj{a). (51) 

The next lemma is also of interest for its own. 

Lemma 6.2. Let P he an inner bicovariant FODC over A with da = 6a — aO, a & A. Let 
P^ be an arbitrary bicovariant differential calculus over A that contains P as its first order 
part. 

(i) Then we have for a & A 

9^<a = e{a)9'^ + 9uj{a) + uj{a)9 - dcu(a), (52) 
{d9)<a = e{a)d9 + 9uj{a) + uj{a)9 - dcu(a). (53) 

(ii) // d^ = 29^ or if 9'^ = 0, then P^ is inner with dp = 9p ~ (-l)"p^, p G T". In this 
situation 9"^ is central in P^. 
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Proof. By and (||) we have 9'^<a = 6'<a(i)(^<a(2)) = (£:(a(i))6' + co'(a(i)))(£:(a(2))6' + 
cj(a(2))) = e{a)e'^ + euj{a) + uj{a)9 - duj{a). Using d9b = d{eb) + 9db, 9b = b9 + db, (|5l|), and 
(1^) we obtain 

d9<a = Y,Sa(^i)d9a(^2) = 'S'a(i)(d(6'a(2)) + 9da(^2)) 

= <S'a(i)d(a(2)6' + da(2)) + Z 5'a(i)6'a(2)S'a(3)da(4) 

= E Sa^i){da(^2)d + a{2)d9) + Z(^('^(i))^ + ^(a(i)))t^(a(2)) 

= u;(a)6' + e{a)d9 + 9uj{a) - dcj(a). 

(ii) Suppose first d^ = 29"^. Taking the difference 2 x (|5|) - (H), we have = 9uj{a) + 
uj{a)9 — dct;(a). Since each p E can be written in the form p = 'Y^^biUj{ai) , ai,bi G A, 
dp = ^iii9bi - bi9)uj{ai) + bi{9uj{ai) + uj{ai)9) = 9p + p9. The proof for p e A; > 2, goes 
by induction on k. We show 6*^ is central. Inserting du^a) = 9uj{a) + uj{a)9 into (|52| ) gives 
6'^<a = e{a)9'^. Equivalently, 9'^a = a9'^. Since T is inner, 9'^p = p9'^, p E , follows by 
induction on k. Suppose now 9"^ = 0. Let p = aidbi be a 1-form. Then dp = doidfe, = 
J2A0a~ai9)dbi = 9p-^,ai9{9bi-bi9) = 9p+Y.M9bi-h9)9+Y.M-9%+h9'') = 9p+p9. 
The proof for p G -T^, k > 2, goes by induction on k. □ 

Throughout the remainder let r] = ^{U) = J2i j Note that (-T®^)! = {'&<^^,ri) 

since dimMor(l, u'^®^®^'^®^) = 2. Using ([T6| ) and (|5l|), similarly to the calculations in the 
preceding lemma one gets 

■t}<a = Ur^z^^ia) + e{a)-&, (54) 
(t? ® i9) < 6 = n^_^^(6) + n^,^ {uj{b) + uj{b)) + e{b)d ® ^. (55) 

By the definition of u(ab) = u;(a) <b, (^4|), ^^(f/) = ^9, and ^(f/) = s one easily checks 

y(ab) = y[a) < 6 + (tj(a) < 6(i)) ® cj(6(2)) + cj(6(i)) ® {yj[a) < 6(2)) + e(a)^(6), (56) 
^(f/6) = < 6 + (2n^,^ + z)5^{b) ^d® uj{b) + uj{b)0 (57) 



Proposition 6.3. Let A be one of the Hopf algebras 0{GLq{N)) or 0{SLg{N)), F = F^.z, 
and q be transcendental. Then uF^ = gF^ as differential Hopf algebras if and only if 9"^ = 
in uF^. 

Proof. Since 9 is bi-invariant, (/ — a){9^^9) = 0. Hence 6'^ = in gF^. 

<— Suppose 6'^ = in uF^. By universality of ^F^, sF^ is a quotient of uF^. To the converse 

relation. In [0, Sect. 5.3] it was shown that the quadratic algebra gFf" has defining relations 

B7e2B702B7 + 6»2^"6»2 = 0. (58) 

We have to prove that O = {9^^), 9j G uF^, satisfies ([581). Then uF^ would be a quotient of 
sF^, and both differential Hopf algebras coincide. 

Inserting a = into (|52D and using —duj{u^j) = Ylix^ix^^^i (^^ ®)^ "^^ have 9uJij + Uij9 + 
'Ylix^i^^^i — ^-1 hi = ^) ■ ■ ■ )^ ■ III matrix notation fl = {uij), 9Q + fI9 + = 0. By (|16D, 
9'^ = 0, and z'^rr 7^ we obtain 



rrOe + 90 + 09 = 0. 



(59) 
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We complete the proof for the sample F = F^^z- The proof for F = F^^z is analogous and 
uses -R~^ = —qRr^ + / instead of = qR + F Applying <m to (|5PD, using R^ = qR + J, 
and again (to the underlined terms) we have 

={r+OiOi + dOi + Old) <U2 = {r+Oi + 9h) < U2{0i < U2) + {Oi < U2) {dh < U2) 

= {r+zR02R + r+z02 + ze)zR02R + r+z^R02R02 + z'^R02eR 

=r+z^R02{qR + F)e2R + r+z'^e2R02R + z^R{ee2 + O20)R + r+z^ROiROi 

=r+z^{qRe2R02R + O2RO2R + RO2RO2) = r+z'^R{R02R02R + O2RO2). 

Since r^z^R is invertible, satisfies (|58|); this completes the proof. □ 



Before proving 6"^ = for all cases except for N = 2, t = +, and 2;^ = we need 
a rather technical lemma that describes the right ideal TZr,z, ^t,z 7^ 0. First recall the 
defining parameters (for nr,z,rT and r± see before (|T^; for s± see before (PB|)). We use the 
same notations as in [0, For e G {+, -} define (fj* := Yl,k,n,m'i~'^^^P<^)nm^k'^T ■> and 



K := E.r''(^e)t Set z/.,, = n-Kg-'^--^ 



1) and 




5; = 


s + q '^r^-q, 


t_ = 


5 - g^^^, 


7e = 


qqs-Hj\ 


^T,Z = 


q~^q~'^z5^, 


^^r,z = 


t^iz'^s; -5){qqnr^z 



S^l: = 5 + q^'r^q, 
t+ = s + 1, 
a, = fs;\ 

Kz = q'^q^zs+, 

fJ^t,z = - 3){qqnr,z)~\ 

The following identities are easily checked 

g'"s+ + q-^^5- =s++s; =2s + rrq\ (60) 
g^s+ + g"^s_ = g(s + r^). (61) 

By (|T]), K,z ■■= + A-^ = zx^. Define the A^^ x A^S-matrices P, = {P,)f^, ^ = 0,1, by 
(Po)rs = lq~'^°' Sabers, Pi = I — Pq- Obviously, Pq and Pi are projection operators and span 
Mor{u'm). For (e, l) G {+, -} x {0, 1} define the map Q^,. e End(V^®2^ V^*) by 



xz 
^Jrs' 



x,y,z 



Since ^ Mor(M®n) and P^ G Moy{u'^^u), Q G Mor(u(8)M, m(8>m(8>m'^®u) is easily checked. 
Lemma 6.4. Let F = Fr^z- (i) 

■"-^ 5ar6bs = Yl ^^AQ^MT^ mod 7^.,„ (62) 



where c^^\ = Oi^\% ^ and c^^ = S'^^n%^. 
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(summation over m, n, x, y, v, and w ). 

(iii) y{We) = A% .^rj + Bl^^-d ® ^, where W^ = V^- y^% ,JJ and 

= a,(A;j^ - 5!, = T.KJ' - s-^ae(A! (63) 



Proof, (i) Throughout the proof we sum over repeated indices. Recall |g3|, formula (2), (3), 
p. 318]: {v±)i - l6ijV± = A±,(m;. - 15,,U) mod 7^,,, and 

W, = V,- ^il Jj = mod 7^,,,. (64) 
Inserting this into the main formula of the proof of |2^, Lemma 4.4] 



"r^s ^ar^os — ^ v-" -I- J xy " + z K-"- -+Jrs ' ^- ^ V"' -/xy"- 

- qq5-%\P+)tvl - qq5-JiZ\P-)tV-, 

and using = q~^qie — 5, a number of long computations gives (|6^) . 
(ii) By the definition of S^, (|6^), and uj{a) = uj{b) for a = 6 mod TZ 



T,Z1 



Since PePe' = S^,e'Pe, (h) follows as claimed. 

(iii) By definition of V^, P^P^> = S^^^>P^, and q'"^""'^^ {PeYJy = q~'^''~'^^ {PeYJy (no summation), 



= q-''-'^{p^% Yl c.'.c.^.(p.o:r(^jr(^e'):s(^.'):;;(^. 

Note that T, = (T,^^'^?^), T^'"^y = q'^'''^y{PeTat{Pe)Td (no summation over y), belongs to 
Mor(l, u'^®^®^'^®^^). Since there exists a linear isomorphism of the latter space onto 
Mot{u^^u), it is two-dimensional. The two morphisms Qq and Qi, Q\'^'^y := q~'^^{PiYyd-, 
i = 0, 1 (no summation over y), form a basis of Mor(l, m'^®m®m'^®-u). By (p9D , = 
«r'<5i + s"'77'<5o- Moreover, (P, ® P,OQ." = Q^'^mn ® cu,^ = \^ ® 

and (55""''"'tu™n ® = r/ - ® Hence, 



s 

^(K) = (ar^^^g— + 5-'^:^ci,Qm^mn ® a;.. 

Since ^(1) = and <5^{U) = rj, the proof of (iii) is complete. □ 



Lemma 6.5. Let A be one of the Hopf algebras 0{GLg{N)) or 0{SLg{N)). Let P = P^^,, 
71 = 7lr,z, and suppose Wr^z 7^ 0. Then for N > 3, t E {+, — }, and for N = 2, t = +, and 
7^ q^'^ we have = Q in „P^. 

Proof. The proof divides into two parts. The easy part is z^^ ^ Treating the critical 

values = and z^ = — is more difficult. Note that the condition = is 
necessary (!) for A = 0{SLq{N)), see before (p^). To make notations simpler, throughout 
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the proof we skip the index t,z in ^,B^ ^, n,-,2, i^t,z, K f^l Xr^z- 
Case 1. q^^z^^ ^ 1. By [|3], formula (3) p.'siS], and by '|2|, Theorem2.1 (iii)] 

T = uU mod TZ and V = —z'^q'^'^uU mod TZ. 
Since V and T are group-hke, by ^{U) = r], and by uj{U) = {}, 

y{T - vU) = O t9 - vr], 
^ ^ (66) 

y{V + z''q^^vU) = z^^q'^^v^^^^ + z^'q^^vri. 

Since g^^z^ ^ 1, z/ ^ 0; hence r/ = z/^?^ = _^Afg2r^^2 ^^a_ r^^^^g ^ since g^^^^ ^ -1. 
Case £ (zV"-l)(£^g^" + l) =0. _ _ 

We set x:=UU - XU . Note that x = W+ + W_. By and by /i+ + /i~ = A + s, ,t = 
mod 7^. By Lemma0(iii), y{x) = Ar] + B'd®^ where A = y4+ + A" and B = + . 
Inserting b = U into (|55D and b = U into (|57|) the preceding gives 

(79(g)i9)<f/ = n^r/ + (2n + s)?9®79, r/< f/ = (A - n + s)r/ + (fi - 2)^9 (67) 

By (0), y{rb) = S^{r) <b, r & TZ, b E A. In particular, for r = x and 6 = f/ it follows from 
d^) that 

y{xU) = Ar]<U + B{d®d)<U 

= {A{A - n + s) + Bn^)ri + {A{B - 2) + B{2n + s))^ ® ^9 (68) 
=: A'r] + B'^ ® ^9. 

Suppose the matrix is regular. Then is a linear combination of ,y{x) 

and S^{xU). Hence ^ G y{TZ) as desired. Otherwise the matrix is singu- 
lar, equivalently {A — x\.B){2A — nB) = 0. Repeating the above argumentations with 
{y{x),y{W+U)}, {y{x),y{W-U)}, {y{W+),y{W+U)}, and {S^{W^),y{W-U)} in- 
stead of {y (x) , y (xU)} , we end up with -i?®-;? G y(7l) or two possibilities: 2^4+ = 
n5+, 2v4~ = nB- or = nE+, A" = nE". 

Case ^. i. 2A'' = nB'', e G {+,—}. Suppose first > 3. Since q is transcendental A*" is 
nonzero. Inserting the values (|63D for A'' and B'^, using 7^/2*^ = s^^n^^(2;^s^— s) and A = s+n 
we have 

2a,(A^)2 - 2/i^ = n^^^/i^ - ^^a,{X'f, 

sn 5 

{X+s)a,{X'f = {z^5l+s)fi\ (69) 

Suppose /i^ = for some e G {+, — }. By (|69D, A + s = ztr +5 = 0, because ae(A^)^ 7^ 0. By 
the definition of fi'^, z'^s^. — s = 0. Thus z = — g"^"^ and g is a root of unity. This contradicts 
our assumption. Hence yU^/i^ 7^ 0. Inserting X + s = fi'^ + fi~ into (|69D yields 

/i+(a+(A+)2 - ^25+ _ 5) = _a+(A+) V, 
yU"(a;_(A~)2 - 2;2s7 - s) = -Q;_(A~)2/i+. 
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We take the product of both equations, divide by /i"*"//" and afterwards insert ^^(A'')^ = 
q^^'^z^Se- This gives 

a+{\^f{z^5- + s) + a^{\-f{z^st + s) = {z^s' + 5){z^s- + s), 

z'^[q^^s+{z^5- +s) + g"2^s_(z2s+ +s)) = ^Vsr - -2^3(3+ + s^) + 5^ 

By ( |60|) the coefficient of vanishes. Inserting 5^ = s + q'^'^r^-q yields 

= 2:^(g^^S+(s + q^'^r^q) + q~^'^S^{s + q'^r^q) - (s + q~'^r^q){s + q'^r^q)) - 5^, 

= 2:'^((g^^s+ + g^^'^s_)s + (g'^s+ + q'^s^)qr^ - - sr^g^ - r^q^). 

Using (|60l), (|6T|) , and s 7^ we have 2;^(s + g^r,-) — s = 0. Since 2;^^ = g"^"^, this gives for 
r = + 

(g2^+2 ^ ^27V ^ ^27V-6 ^ ^27V-8 + . . . + _ ^8(^27V-2 ^ ^2^-4 + . . . + i)7V ^ 

and for r = — 

(^2A^+2 + ^2Ar ^ . . . ^ ^8 ^ ^2 ^ ^)iV _ ^4JV-8(^2^-2 ^ ^2iV-4 + . . . + ^ q. 

This contradicts our assumption that q is transcendentaL Hence 274*^ = nB"^ is impossible for 
> 3. Now let = 2, r = r+,^, z"^ = -g-^. Corresponding to ^ = iig"^ (i = v^), the 
defining parameter are A = = ±i(g^"'^ + q~^), a+X = ±i(g + g^"*^), /i^ = — n^"'^(l + g~^ + 
g"^)(g"^+g"^), n = ±ig"-^-g~^-g~'^±ig"^, 7+(/i+)^ = n"^(g^+g^ + l)(g~^+g"^)^. Inserting 
these values into (^), elementary transformations of equation 2^4+ — nB^ = lead in both 
cases to (g^ + l)^(g^ + 1) = 0. This contradicts our assumption that g is transcendental. 
Case 2.2. A" = nB^, e G {+, — }. Similarly to the derivation of ([69| ) we obtain Xa^{X^)'^ = 
z^^^s^. Inserting a^{X''Y = q^'^'^z^s^ and dividing by z"^ we get g^^'^ASe = ^"5%. Using 
q^'^^Se = req^^qVr + s^, subtracting Xs^, and multiplying by s^^ gives 

Xrq'^qrrS:; = S+s7(/i+ - A), 

-Arg"^gr^s+ = s+s;(/i" - A). 

Taking the sum of both equations, using jj,'^ + = A +s, and — s+ = —pTqqr^ we obtain 

33^3 

-Xq^rl = (s - A)s+S7. Hence A = , , _^ ox • Using s+s^ - q^rl = s(s + r^g^) gives 

A = — . Inserting A = z(s + r,-) we finally have 
5 + r-rq 

z{3 + r^)(s + r^g^) = (s + q'qrr){3 + q^^qr^). 

Since 2;^^ = g"^"^, we conclude that g is algebraic. This contradicts our assumption; the case 
A'^ = nB"^ is impossible. Summarising the results of Case 2.1 and Case 2.2, -(9^ = in ^-T^, 
and the proof is complete. □ 

Combining the preceding with Proposition|6]^ and using 9"^ = n^'^'d^ proves Theorem p.3| (ii). 
To prove Theorem |3.3| (iii) we will show that (ker ^2)^ = y{TV) © Since {r^)i is a 

free associative algebra, this proves 'd®'d ^ uJ ■ In Step 1 we will demonstrate 'd^'d^r^ (JZ) . 
In Step 2 we will show that dim .5^(7?.) > 9. Since dim(kery42)^ = 10, by Theorem p. 1| , and 
since S^{TZ) C (ker742)^ this proves the assertion. The remainder of this section is exclu- 
sively concerned with the calculus /+,z, z"^ = g~^, on 0{GLq{2)) or 0{SLq{2)), so we skip 
the index +, z. 
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Step 1. We fix ^ = 0{GLq{2)) and discuss the the necessary modifications for A = 
0{SLq{2)) parallel. Roughly speaking, all conclusions remain valid if we formally set 
V = T = 1. Let us collect the defining parameters. Since u = 0, T and V belong to 
71, and furthermore, by (^), y{T) = S^{V) = 0. We have A~ = /i~ = 0. Corresponding 

to 2; = ±q~^ we find n = ±q^^ — g^^ — q^'^ ± q^^ and 

X+ = ±{q-' + q-'), c+,i = ±g, 

/x+ = ±q~'{q ± ^ g + 1), c+,o = ±q{q ± ± q + 1)"', 

A = q-%q T l){q' T 1), ^ = ±2q'\q'' T T 1)"^ 

Our aim is to show that C, = ^(a;), x = UU — XU, is the only bi-invariant element of 
^(Jl). Since A is cosemisimple and since : IZ ® intertwines Adr and Ar, 

ker(^f7^) has an Adr-invariant complement TZi in TZ where acts injectively. Thus 
if y{r), r E TZ, is bi-invariant, ri = (^f7^i)^^(^(r)) satisfies ^(ri) = y{r) and 
Adr(ri) = ri (g) 1. Consequently, the subspace of bi-invariant elements of ^(7^) equals 
^(T^inv), where 7?.inv = 7^ H ^inv and ^in^ = {a E A : Adj. a = a® 1}. 

We are going to describe Anv Let v = (f*) be an irreducible corepresentation of A. Since 
Adrv] = ® by Schur's Lemma there is a unique up to scalars Adr-invariant 

element Cl"^); Cl"^) ^ ("^j)- the other hand since A is cosemisimple. Aim = ©„(C('^))) 
where we sum over all irreducible corepresentations v of A. The set of irreducible corepre- 
sentations of 0{GLg{2)) and 0{SLg{2)) has been described in []TT], Sects. 11.5 and 4.2]. Each 
corepresentation of A can be obtained from 1, u, V, and T (resp. 1 and u for 0{SLg{2))) by 
taking tensor products, direct sums, and formal differences. Using suitable normalisation, 
C(f ® w) = C('^)C('W^) and © w) = C('^) + Ci'w) foi' irreducible corepresentations v and 
1(7. Consequently, Anv = €[U,V,T] (resp. Anv = C[f/] for 0(5^5(2))). Next we will show 
that TZ' := {x,V,T}Ainv (resp. 7?.' := xAnv for 0{SLg{2))) coincides with T^mv For we will 
prove that 

Anv = 7^' + {u) + c. (70) 

Since T>a = T>a + a E TZ' + a and Ta = Ta + a E TZ' + a, a E A\rwi it suffices to prove that 
eTZ' + {U) + €,k e No. For k = 0, 1 this is trivial For A; > 2 use = x + {X + s)U-Xs 
and induction on k. Moreover (^) implies Anv = "^inv © {U) © C Hence by the above 
equation, codim_4.^^ TZ' <2 = codim,^.^^ T^inv Since TZ' C TZi^, TZ' = TZi^- 
By (H) and {^)^r]<V^^ = rj and ld®^)<V^^ = i?®??. Hence ^<V^^ = ^. By the 
preceding and since y{ra) = ^(r)<a, r E TZ, a E A, we have ^(T^mv) = y(TZ') = 
y{x)<Ainv = ^oAnv Consequently, y(TZim) = 'C<i*C[f/] because V and T act trivial on 
^. Thus ^(7?.inv) = {0 since ^<f/ = (A -|- A)^ by (|68D. This completes the proof of Step 1. 
Step 2. All arguments go through for both A = 0{GLq{2)) and A = 0{SLq{2)). We will 
show that ^ acts injectively on each of the subspaces spanned by the following five resp. 
three elements of TZ: 

{u\f + q\uiy - (1 + q^)iu\ul + q-'ulul), {ulY, {ulf, uHu] - u^), ul{ul - ul), 

{U - zx+)ul, {U - zx+)ul, {U - zx+){u\ - ul), 

cf. p6| , (1.24) and (1.25)]. Since both subspaces are minimal with respect to Adr and since ^ 
intertwines Adr and Ar, it suffices to prove that ^ is non-zero on each of these subspaces. By 
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Lemma p]4|(ii) and since {P-)ll = 0, {P+)ll = ^i^yi, {P+)22 = ^c2^e2, and {P+)\d = qr^5z2^di 
we obtain 

= ^ C+,tC+,t/(Pj^'^(P+)2d(Pt')d2 '^mn ® ^tJW, 

= ^g"V+,,c+,,'(Pj^"(Pi/)i^a;„„ (g) cj^^ = q'^cl^^uu ® cji2 = gu;i2 ® u;i2. 
Since + 1 7^ 0, ^ is injective on the 5-dimensional subspace. 

In a similar way we will compute some part of [{U — \)ul) = q~'^5^{u\u\) +q^'^S^{ulul) — 
X{iUn ® ^12 + ^^12 ® ^^22)- With the abbreviation (tujjj = Z^mnl-^Oii"^™" g^^s 

y{u\u\) = ^ g"^c+,,c+,,/ ((u;Ji2 ® K')ii + 9^(t^Ji2 ® K')22 + ® K')l2) , 

^(U^M^) = ^ g~^C+,,C+,,/ ((u;j22 ® K')l2 + ® (t^.')l2 + g"^g(t^Jl2 ® K')22) • 

For the coefficient of cui2 'd in y{{U — X)ul) with respect to the basis {tou, 1^21, tou — 
s^^i!}, we get 

±q+ + ± + ± g + 1). 

Since g is not a root of unity, J>^(^{U — \)ul) is nonzero. Hence ^ is injective on the 3- 
dimensional subspace. The proof of (kery42)£ = S^{TV) ® {'& ® ^) is complete. To the last 
assertion. Obviously 2A - nB = 0. Since ^ = Ar] + Bd ® r] = -2xr'^d'^ in „P^. By 
and by ?7 = — dt?, dO = 26"^. Thus by Lemma p^ (ii), 6'^ is central and ^P^ is inner; this 
completes the proof. 

Acknowledgement. The author is grateful to I. Heckenberger, S. Majid, A. Ram and 
A. Sudbery for valuable discussions. 
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